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1 Abstract—The requirement for solving nonlinear algebraic 
equations is ubiquitous in the field of electric power system 
simulations. While Newton-based methods have been used to 
advantage, they sometimes do not converge, leaving the user 
wondering whether a solution exists. In addition to improved 
robustness, one advantage of holomorphic embedding methods 
(HEM) is that, even when they do not converge, roots plots of the 
Padé approximants (PAs) to the functions in the inverse- plane 
can be used to determine whether a solution exist. The convergence 
factor (CF) of the near-diagonal PAs applied to functions expanded 
about the origin is determined by the logarithmic capacity of the 
associated branch cut (BC) and the distance of the evaluation point 
from the origin. However the underlying mechanism governing this 
rate has been obscure. We prove that the ultimate distribution of 
the PA roots on the BC in the complex plane converges weakly to 
the equilibrium distribution of electrostatic charges on a 2-D 
conductor system with the same topology in a physical setting. This, 
along with properties of the Maclaurin series can be used to explain 
the structure of the CF equation We demonstrate the theoretical 
convergence behavior, with numerical experiments.  
 
Index Terms—analytic continuation, holomorphic embedding 
method, power flow, Padé approximants, HEM, Stahl’s theorems 
I. INTRODUCTION 
he robust solvers for nonlinear power system problems 
currently used in industry typically consist of using several 
different algorithms in the hopes that, for any ill-condition 
problem, one of them will converge to a solution. These solvers 
use proprietary heuristics that have been found on average to 
yield better results. And yet, not all problems with feasible 
solutions converge to an operable solution. The previous 
statement is true regardless of the nonlinear problem of interest: 
power flow, state estimation, optimal power flow, etc.  
Since its introduction to the power-system community in 2012, 
the holomorphic embedding method (HEM), [1], [2], has 
attracted a great deal of attention. In addition to being 
extensively studied as a solution to the power-flow problem in 
general, and the ill-conditioned problem specifically, [3]-[7], it 
has been applied to unit commitment, [8], reduced-order 
network equivalents, [9]-[11], special devices, [12], [13], and 
voltage-stability-margin estimation, [14]-[20]. HEM has been 
expanded to handle multi-dimensional embeddings [21]-[24], 
applied to dynamic simulations, [25], used to attack the 
multivalued problem [26]-[29] and enhanced to improve 
robustness and computational efficiency, [30]-[36]. One of the 
reasons for the broad interest in HEM, was the claim of a 
universal convergence guarantee [1], (provided a solution 
existed) ostensibly supported by Stahl’s theorems, [46]-[51]. 
The scope of that putative universal guarantee was broad, 
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apparently independent of network parameters, and 
encompassing theoretical as well as numerical convergence.  
Eventually, limitations to the theoretical and numerical 
convergence guarantees suggested by [3] and [37] indicated that, 
using the current embeddings and existing theory, neither 
theoretical nor numerical convergence was guaranteed. This 
controversy led to investigations that laid out the requirements 
for theoretical and numerical convergence [39], [40].  
For numerical convergence to be attained, the convergence 
factor (CF) (which is a function of the branch-cut capacity (BCC) 
and distance from the point of expansion) must be sufficiently 
small, so that convergence to the required tolerance is achieved 
within the number of recursion terms dictated by the precision 
of the floating-point numbers used [40]. To guarantee theoretical 
convergence to an operable solution (provided one exists), it is 
sufficient to prove that all of the branch points of the functions 
lie inside a circle centered at the origin (of the so-called inverse-
 plane) with a radius  less than the point of interest. One attempt 
to prove theoretical convergence for a particular embedding has 
met with some success by providing local convergence 
guarantees for the embedding studied [38].  
In some ways, we are now at the point with HEM that we were 
in the 1950’s and early 1960’s with Newton’s method, which 
was first proposed in 1956 [41]. Until Sato and Tinney suggested 
sparsity programming techniques [42] in 1963 and Tinney and 
Walker formalized optimal ordering in 1967 [43], Newton’s 
method, which had been languishing for 11 years, was largely a 
university research curiosity and/or relegated to small system 
problems in industry. Even after these innovations, years would 
elapse before Newton-based methods found wide acceptance. 
Now it, and its many variants, are the workhorses for solving 
sets of nonlinear algebraic equations for power system problems.  
Newton’s method, and other iteration methods, characterized 
as ‘displacements of the center,’ have convergence behavior that 
changes with each new ‘center’ point or, point of development. 
The iterates can lead to places where the linear approximation 
(slope) of function is a poor approximation to the function as 
evidenced by unpredictable jumps in the mismatch-versus-
iteration-number plots, making convergence behavior hard to 
model and predict. In contrast, the point of development of a 
HEM approach, based on the Maclaurin series of the function, 
remains at the origin, allowing the behavior of the convergence 
factor (CF) (inverse of the convergence rate), to be given by, 
𝐶𝐹(𝛼) = |𝛼|𝐵𝐶𝐶 + O(𝛼2)  as 𝛼 → 0 (1) 
where  is the embedding parameter and O(𝛼2)  represents 
higher order terms [40]. 
The goal of this paper is twofold: to uncover the origins of the 
CF behavior as it grows out of both the roots behavior of the 
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sequence of PAs and properties of the Maclaurin series. 
We begin by observing that the roots of a near-diagonal Padé 
approximant (PA) corresponding to the Maclaurin series 
generated by HEM accumulate on the branch cut (BC) with 
minimum logarithmic capacity. The convergence behavior is 
determined by the number and placement of these roots. This 
provides a starting point for understanding the convergence 
behavior as suggested by [39]: “…the (ultimate) root 
distribution on the branch cut defined by the PA is identical to 
(a discretized) electrostatic charge distribution at equilibrium on 
a conductor with the two-dimensional topology of the branch cut 
as it exists in the inverse- plane.” Here, a “two-dimensional” 
(2-D) topology is shorthand for a three-dimensional conductor 
system that is homogeneous in one of the orthogonal directions.  
Establishing that the near-diagonal PA root distribution may 
be predicted using an equivalent electrostatic problem as 
suggested [39] is the first step in understanding the origin of (1) 
and is the main contribution of this paper.  
While the equivalence of the PA root distribution to the 
equilibrium distribution in an electrostatic system was claimed 
by [44] to be proven in [45], it is clear this is not case and [45] 
makes no claim to such a proof. The proof of this equivalence is 
established in this work and the implications of that result on the 
convergence behavior are developed with numerical examples.  
Finally, the proof contained here relies on the concept of 
logarithmic capacity. To be consistent with the definitions used 
by Stahl in his proofs [46], we shall be using the consistent 
definition of logarithmic capacity in [48] and [53], not the one 
found in[54]. 
II. PRÉCIS 
We prove the following theorem and describe its implications 
to PA convergence in a HEM-based algorithm, using the PF 
problem as an exemplar. 
Theorem. 1: Let the normalized Borel measure 𝜇(𝒓) be the 
per-unit-length electrostatic charge measure describing the 
charge distributed on a three-dimensional foil conductor of 
topology E which is homogeneous along one orthogonal 
coordinate. Define the electrostatic energy integral as,  
   𝐾[𝜇] =  ∫ ∫ ln
1
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′)𝑑𝜇(𝒓)
𝐸𝐸
     (2) 
where r is a point on E, then the charge measure that is 
consistent with charge distributed on a 2-D capacitor with 
topology E, defined by, 
       𝑊(𝐸) = inf
𝜇
 𝐾[𝜇] (3) 
is identical to the normalized equilibrium measure in potential 
theory for a branch cut in the complex plane of the same 
topology.  
One implication of Thm. 1 is that the support of 𝜇, E, is, for 
the present purposes, the conducting foil upon which the charge 
is distributed and that no charge is distributed in the free space. 
Compare this theorem with the following theorem defining 
logarithmic capacity, 𝑐𝑎𝑝(𝐸), as it applies to defining the BC 
for a PA. 
Theorem 6.6.6 [48]. Let 𝜇(𝑥)  be a normalized measure 
defined on 𝐸 and define, 
        𝐼[𝜇] = ∫ ∫ ln
1
|𝑧 − 𝑧′|
𝑑𝜇(𝑧)𝑑𝜇(𝑧′)
𝐸𝐸
 (4) 
Then let, 
        𝑉(𝐸) = inf
𝜇
 𝐼[𝜇] (5) 
Then 
        𝑐𝑎𝑝(𝐸) = 𝑒−𝑉(𝐸) (6) 
Finding the BC with minimum logarithmic capacity, 𝑐𝑎𝑝(𝐸), 
which is the BC toward which the roots of the PA accumulate, 
requires minimizing (6) over all possible topologies, E, where 
(6) provides the definition of logarithmic capacity. 
Observe that the integrals in (2) and (4) are essentially 
identical; the integral in (2) is over the (real) 2-D x-y plane and 
the integral in (4) is over the 2-D complex plane. Observe that 
the minimization over all 𝜇  in (5), is identical to the 
minimization of 𝐾[𝜇]  required by Thomson’s theorem, [59], 
[60], in the electrostatic case, which is discussed below.  
In short, given a conducting foil in the x-y plane with the same 
topology, E, as the BC in the complex plane, the electrostatic 
charge measure, 𝜇, consistent with (2) and (3) must be identical 
to the unique equilibrium measure, 𝜇, defined by (4) and (5). 
Said another way, as the number of terms in the PA grows, the 
root distribution of the PAs more closely approximates the 
equilibrium electrostatic charge distribution consistent with the 
electrostatic charge measure. This suggests the rate of change of 
the difference between the equilibrium electrostatic charge 
distribution and the PA root distribution, informs the 
convergence behavior defined by (1). 
In the next section, we discuss the meaning of (4)-(6) in terms 
of measure theory. In the subsequent section, the development 
of (2) from first principles is reported. The sections after that 
provide numerical evidence confirming the connection between 
these equilibrium measures. 
III. THE LOGARITHMIC ENERGY AND THE LOGARITHMIC 
CAPACITY 
The terminology used to discuss to Thm. 6.6.6, which is a 
result that comes from potential theory, is likely new to many 
engineers and we use this section to level-set the discussion. 
First, the double integral defined in (4) uses measure theory and 
is called the logarithmic energy [53], where 𝜇 is the underlying 
(normalized) Borel measure [53], [55], [56]. The measure, for 
which the infimum in (5) is attained, is unique and is called the 
equilibrium measure in potential theory [53]. In real analysis, an 
integral, like (4), involving a measure is defined using the so-
called simple functions and a limit procedure in a rigorous and 
profound way [55], which is outside the scope of this paper. The 
symbol 𝑑𝜇(𝑧) in (4) is equivalent to 𝜇(𝑑𝑧) [57], which means, 
for our purposes, 𝑑𝜇(𝑧) is the value of 𝜇 when it acts on 𝑑𝑧, 
where 𝑑𝑧  could be regarded as the generalized infinitesimal 
volume (area/length) (the word “generalized” is subsequently 
suppressed) in a 3-D (2-D/1-D) space. In the case of PAs, 𝜇 
represents a measure of root density. If 𝜇 is assigned a physical 
meaning, for example, charge in an electrostatic system, then 
𝜇(𝑑𝑧)  is (a measure of) the total charge contained in the 
infinitesimal space 𝑑𝑧. A normalized Borel measure, 𝜇(𝑧), on a 
set E is defined as: 
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        ∫ 𝑑𝜇(𝑧)
𝐸
= 𝜇(𝐸) = a fixed constant
= 1|𝑓𝑜𝑟 𝑒𝑞𝑢𝑙𝑖𝑏𝑟𝑖𝑢𝑚 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 
(7) 
If 𝜇 is an abstract measure of charge then (7) defines the total 
charge contained in the set (space) 𝐸 as a constant. This constant 
must be defined to be 1 (appendix of [53]), i.e. 𝜇(𝐸) = 1, to 
obtain the equilibrium measure. 
It has been shown that the normalized measure counting the 
poles and the zeros of the sequence of near-diagonal PAs 
(considering multiplicity) converges weakly to the equilibrium 
measure on the set where the PAs do not converge, which is the 
BC with minimum logarithmic capacity (Thm. 1.8 in [46]). (In 
the context of measure and potential theory, strong convergence 
implies the measure converges to the equilibrium measure 𝜇𝑛 →
𝜇. Weak convergence implies only that the sequence of expected 
values converges to the expected value of the equilibrium 
measure, ∫ 𝑓𝑑𝜇𝑛 → ∫ 𝑓𝑑𝜇, for any bounded measurable f.) If 𝜇 
is a measure of the number of roots of the near-diagonal PA on 
the BC, this suggests that there may always be some roots not 
on the BC, as hypothesized by Nuttal [51]. Observe if 𝜇 
converged strongly, the PAs for all bus voltages in the multi-
equation power flow problem, which share the same BC, would 
have identical roots as the number of terms in the defining 
Maclaurin series grew without bound, resulting in the PV curve 
of all buses having the identical shape. 
IV. THE CHARGE DISTRIBUTION OF A 2-D ELECTROSTATIC 
SYSTEM WITH 2-D CONDUCTORS 
In this section we show that the equilibrium measure defined 
in the previous section is the mathematical abstraction/analog of 
the physical electrostatic equilibrium charge distributed on a 2-
D conductor topology which is identical to the BC. 
Re
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Fig. 1 One possible curve in the complex plane 
A. The curve and the foil correspondence 
Let’s assumed that the BC where the PAs do not converge is 
the Jordan arc in the complex plane connecting points A and B 
in Fig. 1, where the horizontal axis is the real axis and the 
vertical axis is the imaginary axis. 
How does the curve shown in Fig. 1 correspond to an object 
in the 3-D space? If the real (imaginary) axis is assigned to the 
x-axis (y-axis), the z-axis can be added orthogonally to the x-y 
plane, forming a right-handed coordinate system. Translations 
of the curve along the z-axis to ±∞ makes a surface, along the 
z-axis, which looks like a finitely wide but infinitely long foil 
running parallel to the z-axis, shown in Fig. 2. Because this 
surface is homogeneous about the z-axis, 2-D modeling is 
sufficient to describe the electric field and this foil is referred to 
as a 2-D conductor. 
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Fig. 2 The 3-D shape of the 2-D set 
B. The electrostatic energy of a 3-D system homogeneous in 
one direction 
Next, we will show that the equilibrium measure in potential 
theory is just the mathematical abstraction of the charge 
distributed on the foil shown in Fig. 2 if the foil is treated as 
ideal conductor. The Poisson equation in electrostatics is well 
known as shown in (8), 
       − ∇2𝑢 = − (
𝜕2𝑢
𝜕𝑥2
+
𝜕2𝑢
𝜕𝑦2
+
𝜕2𝑢
𝜕𝑧2
) =
𝜌(𝒓)
𝜀0
 (8) 
where 𝜌(𝒓) is the space charge density, 𝒓 is the position vector 
(𝑥, 𝑦, 𝑧) , 𝜀0  is the vacuum permittivity and the function that 
satisfies this equation, 𝑢, is the electrostatic potential. Assuming 
that the system is homogeneous along the z-axis direction, 
𝜌(𝑥, 𝑦, 𝑧) = 𝜌(𝑥, 𝑦)  with its units, C/m3, unchanged, and the 
partial derivative with respect to the z-coordinate vanishes, 
giving us, 
       − (
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) 𝑢 =
𝜌
𝜀0
 (9) 
which is the 2-D Poisson equation. The position vector 𝒓 
becomes (𝑥, 𝑦), and the solution of Poisson’s equation, i.e., the 
electrostatic potential, does not depend on the z-coordinate. 
When charge is distributed on a surface with zero thickness, 
as is the case with our 2-D conductor foil, the space charge 
density on this surface cannot be well-defined to be finite in 
general, but the potential clearly exists in the free space. In such 
cases, one can use a charge measure (𝜇), bypassing defining 𝜌, 
as in (9). Our immediate goal is to rigorously show that using a 
charge measure is theoretically appropriate. 
The function shown in (10) is proposed as the electric 
potential of a 3-D electrostatic system that is homogeneous 
along the z-axis direction, 
       𝑢(𝒓) =
1
2𝜋𝜀0
∫ ln
𝑎
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) (10) 
where 𝑎 is an arbitrary constant with units of distance and 𝜇(𝒓′), 
has units of charge per-unit-length along the z direction. (The 
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integration domain, E, is suppressed in this and the following 
integral equations.)  
To see why (10) is consistent with an interpretation as an 
electrostatic potential, we show both that it obeys Poisson’s 
equation when the Radon–Nikodym density (the math 
abstraction of the charge density) is well-defined and that 
 𝜇(𝐴)is consistent with the definition of per-unit-length charge 
contained in the cross-section area A.  
Following the approach used in [56], 𝜇  is assumed to be 
absolutely continuous, [55], which means the Radon–Nikodym 
density corresponding to  𝜇 is well-defined. Then (10) can be 
written as,  
       𝑢(𝒓) =
1
2𝜋𝜀0
∫ ln
𝑎
|𝒓 − 𝒓′|
?̂?(𝒓′)𝑑2𝒓′ (11) 
where ?̂?(𝒓′) is the corresponding Radon–Nikodym density [55], 
[56], and 𝑑2𝒓′ is the infinitesimal area element, usually written 
as 𝑑𝜎′ or 𝑑𝑥′𝑑𝑦′. (Absolutely continuous essentially means that 
the electrostatic charge density is well-defined and 𝑑𝜇(𝒓′) =
 𝜌(𝒓′)𝑑2𝒓′, is the per-unit-length (along the z-axis direction) 
charge stored in the tube whose cross-section area is 𝑑2𝒓′.) It is 
well known that, 
− (
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) (
1
2𝜋
ln
1
|𝒓 − 𝒓′|
) = 𝛿(𝒓 − 𝒓′) (12) 
where 𝛿(𝒓 − 𝒓′)  is the 2-D Dirac delta function [58]. After 
substituting (11) back into the LHS of (9), and exchanging the 
order of the 2-D Laplacian and the integral, one gets, 
      − (
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) 𝑢(𝒓) 
=  
1
𝜀0
∫ − (
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) (
1
2𝜋
ln
1
|𝒓 − 𝒓′|
+
ln 𝑎
2𝜋
) ?̂?(𝒓′)𝑑2𝒓′ 
=
1
𝜀0
∫ − (
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
) (
1
2𝜋
ln
1
|𝒓 − 𝒓′|
) ?̂?(𝒓′)𝑑2𝒓′ 
=
1
𝜀0
∫ 𝛿(𝒓 − 𝒓′)?̂?(𝒓′)𝑑2𝒓′ =
?̂?(𝒓)
𝜀0
 
(13) 
which proves that (11) satisfies the Poisson equation and it has 
the physical meaning of an electrostatic potential, where the 
Radon–Nikodym density ?̂?(𝒓′) is the abstraction of the physical 
space charge density in (8). Therefore ?̂?(𝒓′) = 𝜌(𝒓′) if they are 
both well-defined. 
It can be seen that total charge, stored in a slice of space whose 
thickness is ∆𝐿 along the z-axis direction, shown in Fig. 3, can 
be calculated by, 
       ∆𝑄 = ∫ 𝜌(𝒓)𝑑3𝒓 = ∫ 𝑑𝑧
∆𝐿
0
∫ 𝜌(𝒓)𝑑2𝒓 
= ∆𝐿 ∫ 𝜌(𝒓)𝑑2𝒓 = ∆𝐿 ∫ 𝑑𝜇(𝒓) = ∫ ∆𝐿𝑑𝜇(𝒓) 
(14) 
where 𝑑3𝒓 is the infinitesimal volume element usually written 
as 𝑑𝑉 or 𝑑𝑥𝑑𝑦𝑑𝑧. 
dx
dy
ΔL
d2r
ΔL
ΔL
ΔL
 
Fig. 3 The slice of space with finite thickness 
With 𝑑𝜇(𝒓)  as the per-unit-length charge stored in the tube 
whose cross-section area is 𝑑2𝒓, at position 𝒓, ∆𝐿 𝑑𝜇(𝒓) is the 
total charge stored in this tube whose length is ∆𝐿. The final 
integral in (14) simply says that by summing up all the charges 
stored in the tubes that form a slice of space whose thickness is 
∆𝐿, one gets the total charge stored in that slice of space. Then 
it is obvious that for the cross-section area A, the per-unit-length 
charge stored is, 
       
∆𝑄
∆𝐿
|
𝐴
= ∫ 𝑑𝜇(𝒓)
𝐴
= 𝜇(𝐴) (15) 
We assume that a charge density is well defined when 
defining (11) as a potential, but the above work shows that this 
assumption of a formulation involving a space charge density 
can be bypassed when using the measure 𝜇 with 𝑑𝜇(𝒓) as the 
per-unit-length charge stored in the tube whose cross-section 
area is 𝑑2𝒓 at position 𝒓. With this in mind, the total electrostatic 
energy stored in the slice of space whose thickness is ∆𝐿  is 
calculated next. 
Given the electrostatic potential written in (10), the equation 
for calculating the electrostatic energy [59] is, 
       𝐸𝑒 =
1
2
∫ 𝑢(𝒓)𝜌(𝒓)𝑑3𝒓 (16) 
Based on this equation, the total electrostatic energy stored in 
the slice of space whose thickness is ∆𝐿  along the z-axis 
direction is (remembering that 𝑑𝜇(𝒓) =  𝜌(𝒓)𝑑2𝒓  if 𝜌(𝒓)  is 
well defined) with its physical meaning shown by (14) and (15)), 
       ∆𝐸 =
1
2
∫ 𝑢(𝒓)𝜌(𝒓)𝑑3𝒓 
=
1
2
∫ 𝑑𝑧
∆𝐿
0
∫ 𝑢(𝒓)𝜌(𝒓)𝑑2𝒓 
=
∆𝐿
2
∫ 𝑢(𝒓)𝜌(𝒓)𝑑2𝒓 =
∆𝐿
2
∫ 𝑢(𝒓)𝑑𝜇(𝒓) 
=
∆𝐿
4𝜋𝜀0
∫ ∫ ln
𝑎
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) 
(17) 
Using (16), the per-unit-length electrostatic energy is, 
       
∆𝐸
∆𝐿
=
1
4𝜋𝜀0
∬ ln
𝑎
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′)𝑑𝜇(𝒓)
𝐸
 (18) 
and one immediately recognizes that with the exception of a 
positive constant factor and an arbitrary distance constant, a, the 
per-length electrostatic energy’s functional form, (18), is the 
same as the logarithmic energy, (4). While the integration 
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domain 𝐸 represents the locations where the charge resides in 
(18), the set E in (4) represents the BC topology. 
C. The equilibrium measure and the electrostatic charge 
distributed on a conductor correspondence 
Thomson's theorem states that the electric charge on a set of 
conductors distributes itself on the conductor surfaces to 
minimize the electrostatic energy, [59], [60]. This means that 
when the foil shown in Fig. 2 is considered as a conductor, the 
charge distributed on it must minimize the per-unit length 
electrostatic energy shown in (18), assuming that all the charge 
is distributed on the conductor and there is no charge in the free 
space. To see how the equilibrium measure is related to the 
equilibrium charge as it is distributed on the conductor, (18) is 
further developed as, 
       
∆𝐸
∆𝐿
=
1
4𝜋𝜀0
∫ ∫ ln
1
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) 
+
ln 𝑎
4𝜋𝜀0
∫ ∫ 𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) 
(19) 
and referring to (14), one gets, 
       
∆𝐸
∆𝐿
=
1
4𝜋𝜀0
∫ ∫ ln
1
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) 
+
ln 𝑎
4𝜋𝜀0
(
∆𝑄
∆𝐿
)
2
 
(20) 
If the charge is normalized by setting the per-unit-length charge 
to a fixed constant, e.g., 1, 
      𝑄𝑝𝐿 =  
∆𝑄
∆𝐿
= ∫ 𝑑𝜇(𝒓) = 1 (21) 
the per-length electrostatic energy becomes, 
       𝐸𝑝𝐿 =
∆𝐸
∆𝐿
=
1
4𝜋𝜀0
∫ ∫ ln
1
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) +
ln 𝑎
4𝜋𝜀0
 
(22) 
Because the second term is a constant and the factor of the first 
term is positive and with the normalization (21), minimizing the 
per-length electrostatic energy is the same as minimizing, 
       ∫ ∫ ln
1
|𝒓 − 𝒓′|
𝑑𝜇(𝒓′) 𝑑𝜇(𝒓) (23) 
which is mathematically the same as minimizing the logarithmic 
energy in (4). From the definition of the equilibrium measure, it 
is immediately obvious that equilibrium measure is, once again, 
the mathematical abstraction of the charge distributed on a 
conductor that is homogeneous along the z-axis direction. 
The branch cut on the complex plane may have disconnected 
curves and their counterparts in the 3-D space are graphically 
disconnected conductor foils (homogeneous along the z-axis 
direction) but these foils are electrically connected, because the 
normalization condition, (21), requires that the total per-unit-
length charge is fixed and individual charges can be placed on any 
foil freely as long as (21) is satisfied and charges can be move 
freely from one foil to another to minimize the per-length energy. 
Theorem 1.8 in [46] states that the normalized measures that 
count the poles and zeros of the near diagonal Padé 
approximants weakly converge to the equilibrium measure. By 
the derivation shown in this section, we conclude that those 
normalized measures converge weakly to the normalized charge 
distributed on the conductor foils, homogeneous in one direction, 
whose cross sections are the same as the branch cuts. This 
explains why the poles and zeros of the Padé approximants 
accumulates more near the tips of the branch cut: because in 
electrostatics, the charges gravitate toward the ends of 
conductors because of electrostatic repulsion. 
D. The logarithmic capacity and the electrostatic energy 
correspondence 
Using the definition of the logarithmic capacity, (4), (5) and 
(6), and the per-unit-length electrostatic energy, (22), and 
assuming the arbitrary distance constant is 1, we obtain the 
expression, (24), relating the logarithmic capacity to the per-
unit-length electrostatic energy of the conducting foil system 
whose cross section is the same as the branch cut. 
     𝐶𝐸 =  𝑐𝑎𝑝(𝐸) = 𝑒
−4𝜋𝜀0𝐸𝑝𝐿  (24) 
If the BC is a straight-line segment, according to [48], the longer 
it is, the larger the logarithmic capacity, and the smaller the 
stored energy according to (6). For a 3-D finite conductor system, 
where the charge is normalized to a fixed constant, say 1, from 
the equation for electrical energy, 𝐸𝑒 , stored in an electrical 
capacitor, the relationship between capacitance and energy is, 
        𝐶𝑒 =
𝑄2
2𝐸𝑒
=
1
2𝐸𝑒
 (25) 
where the monotonically decreasing value of logarithmic 
capacity/electrostatic capacitance with energy in (24) and (25), 
respectively, for a fixed amount of charge, is maintained, as one 
would hope. That the logarithmic capacity and electrostatic 
capacitance behave similarly with energy provides a conceptual 
framework for developing an intuitive understand of the 
behavior of BCC on convergence. 
E. Quantization 
We have shown how the continuous equilibrium electrostatic 
charge distribution of a 2-D capacitor is connected to the root 
distribution (of the near-diagonal) PA and consistent with the 
equilibrium measure of a BC, given identical topologies in both 
cases. When a finite number of terms is use in the PA, each root 
corresponds to one quantum of charge in the analogous 
electrostatic problem, with the total charge, equal to that of the 
equilibrium Borel measure in the logarithmic energy problem. As 
the number of PA roots increases, the discretized root distribution 
converges weakly to the continuous electrostatic distribution. 
V. NUMERICAL RESULTS 
Using a two-bus system, where the developed theory fits the 
numerical root placement and convergence behavior plots in a 
visually obvious way, allows the connection of the theory and 
numerics to be seen most clearly. Using that example as a 
jumping-off point, we will see the same pattern with the higher-
order 118-bus system, with a more complex BC. 
A. Two-Bus Asymmetrical System CF Behavior 
We numerically verify the electrostatic-charge/PA-root-
distribution ‘equivalence relationship’ using a two-bus system 
power-flow problem with a BC of (logarithmic) capacity 1, 
colinear with the real axis in the complex plane. The classical 
form HEM embedding [39] was used, with expansion about the 
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zero in the -plane (P). The loading was selected to create a 
BC that is asymmetric about the origin with branch points in the 
inverse  plane (IP) at -3 and +1 (-1/3 and +1 in the P). We 
refer to this as the Asymmetrical System (AS).  
The convergence factor (CF) plotted versus  in Fig. 4 was 
calculated using numerical voltage-error results and conforms 
with (1) asymptotically near the point of development, the origin, 
where the slope of the curve is approximately ± 1.0, the 
magnitude of the BCC. Also as expected, CF approaches 1.0 as  
approaches the branch points, beyond which no solution exists in 
the field of complex numbers. Even though theoretical 
convergence is possible as one approaches a branch point, finite 
numerical precision, which limits the number of terms effective 
in constructing the PA, leads to numerical nonconvergence as one 
reaches this boundary in the convergence domain [40].  
With these results, we can explain the CF dependence on  in 
(1): the CF behavior vs.  in Fig. 4 (for high degree PAs) is 
inherited from its Maclaurin series input given 1) that the PA 
may be viewed as a generalization of the Maclaurin series to the 
class of rational functions [52] and, 2) that the Maclaurin series 
convergence is fastest near the point of development and 
decreases with distance. However, BCs are only meaningful in 
the context of a PA, and so the presence of the BCC in (1) cannot 
be explained as a property of the Maclaurin series, but as a 
property of the PA. The next section provides numerical support 
for the equivalence relationship and provides an argument for 
the CF dependence on the BCC.  
 
Fig. 4 CF versus  for two-bus and 118-bus systems 
B. Two-Bus Asymmetrical System Equivalence Relationship 
Recall that the equivalence of the equilibrium electrostatic 
charge measure (with corresponding R-N density) and the large-
order PA pole/zero distribution was established for the IP. 
Because the PA pole/zero distribution is a discretized version of 
the symmetrical equilibrium charge distribution (with expected 
higher (lower) density at the ends (middle) of the BC), the PA 
(effectively) is expected to simulate this symmetry. 
Table 1 contains a tableau of pole (x)/zero (circle) plots of the 
corresponding diagonal, [M/M], PAs in the complex IP and P 
(real axis is horizontal, imaginary axis is vertical) as the number 
of -series terms increases. These plots are limited to the 
domain bounded by −1.0 ± 𝑗2, and 1.5 ± 𝑗2 in the P and by 
−3.2 ± 𝑗1.2 and +1.2 ± 𝑗1.2 in the IP. Observe the origin in 
the IP column of Table 1 occurs at 1/3 of the distance from the 
RHS of this column with the scale shown in the last row of this 
table. The salient points upon close inspection of the tableau in 
Table 1 are: 
• As the higher-order PAs are generated, poles and zeros 
occur in pairs, the roots crowd the ends of the BC while 
largely maintaining symmetry in the IP, consistent with 
the predictions of electrostatic theory, though the zeros 
show more symmetry than the poles.  
• Because of the restricted range, not all roots in IP appear 
in the P plots and vice versa. 
• Because the origin is skewed in the plots, and due to symmetry 
of the roots about -1 in the IP imposed by electrostatic 
principles, more roots accumulate in the negative half of the 
IP, which then accumulate in the negative half of the P, 
the plane where the function is to be evaluated.  
• While the zeros are on the BC, convergence of poles toward 
the BC is consistent with the weak convergence of the 
measure of the PA roots distribution. 
Table 1 Root Pattern for [M/M] PA, Asymmetrical BC 
 
C. Numerical Evidence of the Equivalence Principal 
To numerically verify the (weakly converging) equivalence 
between the PA root distribution and electrostatic charge 
distribution, a simulation (not shown) of the electric field for this 
progression of PAs, with each pole (zero) represented as a unit 
charge was conducted. This simulation showed that the electric 
field on the BC approaches zero (except, as expected, at the end 
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points of the BC), indicating the PA root distribution is 
approaching the electrostatic equilibrium distribution, consistent 
with the developed theory.  
Table 2 Root Pattern for [M/M] PA, IEEE 118 Bus System 
 
D. The IEEE 118 bus system 
The IEEE 118-bus system was solved using the canonical 
embedding [40]. The scale was selected so that the branch point on 
the positive real axis occurred at +1.0, with a corresponding BCC 
of 0.581. Observe that the slope of the CF vs.  curve in Fig. 4 
near the origin is approximately equal to the BCC, as predicted by 
(1).  
Table 2 contains a tableau of pole (x)/zero (circle) plots of the 
corresponding diagonal, [M/M], PAs in the complex IP (real 
axis is horizontal, imaginary axis is vertical) as the number of 
-series terms increases for the IEEE 118 bus system. These 
plots are limited to the domain ±1.3 ± 𝑗0.2 in the IP where the 
branch points on the real axis occur at (approx.) +1.0 and -1.248 
and the scale is shown in the bottom row of the table along with 
root distribution of a [500/500] PA.  Observe that the overall BC 
(implied in the bottom panel) is not terribly asymmetric and, 
while it is not obvious in this condense-form plot, the BC is 
comprised of at least 34 branch points and Chebotarev points. 
This tableau demonstrates that root population in the IP is 
much more complex because of the more complex topology, yet 
the overarching trend shows that roots tend to be distributed in 
a manner consistent with that of the two-bus system: the 
approximation of the roots to the charge distribution starts off as 
nearly a uniform distribution and tends toward one that has a 
higher concentration of roots near the branch points, which is 
consistent with the electrostatic charge distribution on this 
topology. Observe that despite the increased complexity of the 
BC, the CF is dictated by the number of roots needed to 
approximate the equilibrium distribution on the BC, which is 
dictated by the branch-cut’s capacity and that the CF is relatively 
unaffected by the complexity of the topology, as expected and 
as predicted by (1). 
VI. CONCLUSIONS 
We prove that the quantized normalized measure counting the 
poles and zeros of the sequence of Padé approximants converges 
weakly toward the continuous electrostatic charge distribution 
on an equivalent 2-D conducting foil and that the concept of 
logarithmic capacity in potential theory has the same intuitive 
behavior as electrostatic capacity familiar to engineers. We 
explain the convergence factor equation’s dependence on BCC 
and distance from the origin. The first of these two dependencies 
can be explained by the convergence characteristics of the 
Maclaurin series. The second of these is consistent with the 
weak convergence of the normalized counting measure to the 
electrostatic charge distribution, with a larger BCC requiring 
more roots to approximate the equivalent equilibrium charge 
distribution with the same fidelity. We show that the root 
symmetry in the inverse- plane predicted by the equivalence 
relationship between the normalized counting measure and 
corresponding electrostatic problem is born out in numerical 
experiments. 
REFERENCES 
[1] A. Trias, “The Holomorphic Embedding Load Flow Method,” Power and 
Energy Society General Meeting, pp. 1-8, July 2012. 
[2] A. Trias, “System and method for monitoring and managing electrical 
power transmission and distribution networks,” US Patents 7,519,506 
(2009) and 7,979,239 (2011). 
[3] A. Trias, “Fundamentals of the Holomorphic Embedding Load Flow 
Method,” arXiv:1509.02421v1 [cs.SY] 8 Sep 2015. 
[4] A. Trias and J. L. Marín, “The Holomorphic Embedding Load Flow 
Method for DC Power Systems and Nonlinear DC Circuits,” IEEE Trans. 
on Circuits and Systems I: Regular Papers, vol. 63, no. 2, pp. 322-333, 
Feb. 2016. 
[5] A. Trias, “HELM: The Holomorphic Embedding Load-Flow Method. 
Foundations and Implementations,” Foundations and Trends in Electric 
Energy Systems, vol. 3, n. 3-4, pp 140-370, 2018, 
http://dx.doi.org/10.1561/3100000015 
[6] S. Rao, Y. Feng, D. Tylavsky and M. K. Subramaniam, “The Holomorphic 
Embedding Method Applied to the Power-Flow Problem,” IEEE Trans. 
on Power Systems, vol. 31, no. 5, pp. 3816-3828, Sept. 2016. 
[7] S. Rao, S. Li, D. J. Tylavsky and Di Shi, “The Holomorphic Embedding 
Method Applied to a Newton Raphson Power Flow Formulation,” 2018 
North American Power Symposium, Sep. 2018, pp. 1-6. 
[8] A. Shukla, J. Momoh, S. N. Singh, “Unit commitment using gravitational 
search algorithm with holomorphic embedded approach,” 2017 19th Int’l 
Conf. On Intelligent Systems Applications to Power Systems (ISAP), pgs. 
8, 2017. 
[9] Y. Zhu, S. Rao, D. J. Tylavsky, “Nonlinear structure-preserving network 
reduction using holomorphic embedding,” IEEE Trans. on Power Systems, 
vol. 33, no. 2, pp. 1926-1935, 2018. 
[10] A. Trias, “Sigma algebraic approximants as a diagnostic tool in power 
networks,” US Patent 2014/0156094, (2014). 
 8 
[11] S. Rao, and D. J. Tylavsky, “Nonlinear Network Reduction for 
Distribution Networks using the Holomorphic Embedding Method,” 2016 
North American Power Symposium, pgs. 6, Sep. 2016 
[12] M. Basiri-Kejani, E. Gholipour, “Holomorphic embedding load-flow 
modeling of thyristor-based FACTS controllers,” IEEE Trans. on Power 
Systems, vol. 32, no. 6, pp. 4871-4879, 2018. 
[13] P. Singh, R. Tiwari, “STATCOM model using Holomorphic Embedding,” 
IEEE Access, vol. 7, 2019. 
[14] S. Rao, D. J. Tylavsky, V. Vittal, W. Yi, D. Shi, Z. Wang, “Fast Weak-Bus 
and Bifurcation Point Determination using Holomorphic Embedding 
Method,” IEEE PES General Meeting, pp. 1-5, July. 2018. 
[15] S. D. Rao, D. J. Tylavsky, and Y. Feng, "Estimating the saddle-node 
bifurcation point of static power systems using the holomorphic 
embedding method," International Journal of Electrical Power & Energy 
Systems, vol. 84, pp. 1-12, 2017.  
[16] R. Yao, K. Sun, D. Shi and X. Zhang, “Voltage stability analysis of power 
systems with induction motors based on holomorphic embedding,” IEEE 
Trans. Power Systems, vol. 34, no. 2, pp. 1278-1288, Mar. 2019. 
[17] C. Liu, B. Wang, F. Hu, K. Sun and C. L. Bak, “Online voltage stability 
assessment for load areas based on the holomorphic embedding method,” 
IEEE Trans. Power Systems, vol. 33, no. 4, pp. 3720-3734, Jul. 2018. 
[18] D. Tylavsky, S. Li, Q. Li, S. Rao, “Improving Voltage Stability Margin 
Estimation through the use of HEM and PMU Data,” PSERC Publication 
19-01, August 2019. 
[19] B. Wang, C. Liu and K. Sun, “Multi-stage holomorphic embedding method 
for calculating the power-voltage curve,” IEEE Trans. Power Syst., vol. 
33, no. 1, pp. 1127-1129, Jan. 2018. 
[20] J. Moirangthem, K. R. Krishnan, S. K. Panda, G. Amaratunga, “Voltage 
stability assessment by holomorphically estimating the bifurcation point of 
electric grids,” 2018 IEEE Int’l Conf. on Environment and Electrical 
Engineering (EEEIC) and 2018 IEEE Industrial and Commercial Power 
systems Europe (I&CPS Europe), 2018. 
[21] Y. Zhu, and D. J. Tylavsky, “Bivariate Holomorphic Embedding Applied 
to the Power Flow Problem,” 2016 North American Power Symposium, 
pgs. 6, Sep. 2016. 
[22] C. Liu, B. Wang, X. Su, K. Sun, D. Shi, C. L. Bak, “A multidimensional 
holomorphic embedding method to solve AC Power Flows,” IEEE Access, 
vol. 5, pgs. 15, 2017. 
[23] C. Liu, K. Sun, B. Wang, F. W. Ju, “Probabilistic power flow analysis 
using multidimensional holomorphic embedding and generalized 
cumulants,” IEEE Trans. Power Syst., vol. 33, no. 6, pp. 7132-7142, Nov. 
2018. 
[24] C. Liu, C. L. Bak, Y. Zhu, K. Sun, “Analytical solutions for power flow 
equations based on the multivariate quotient difference method,” 2019 
IEEE Milan Power Tech, pgs. 6, 2019. 
[25] R. Yao, Y. Liu, K. Sun, F. Qiu, J. Wang, “Efficient and Robust Dynamic 
Simulation of Power Systems with Holomorphic Embedding,” IEEE 
Trans. on Power Systems, (early access), 2019. 
[26] Y. Feng, D. J. Tylavsky, “A Holomorphic Embedding Approach for 
Finding the Type-1 Power-Flow Solutions,” International Journal of 
Electrical Power and Energy Systems, vol. 102, pp. 179-188, Nov 2018. 
[27] X. Xu, C. Liu, K. Sun, “A holomorphic embedding method to solve 
unstable equilibrium points of power systems,” IEEE Conf. Decision and 
Control (CDC), pgs. 8, 2018, DOI: 10.1109/CDC.2018.8619417. 
[28] Y. Feng, D. J. Tylavsky, “A Novel Method to Converge to the Unstable 
Equilibrium Point for a Two Bus System,” North American Power 
Symposium 2013, Manhattan Kansas, pgs. 6, Sep. 2013. 
[29] D. Wu, B. Wang, “Holomorphic embedding based continuation method 
for identifying multiple power flow solutions,” IEEE access, vol. 7, pgs. 
11, 2019. 
[30] B. Wang, C. Liu, K. Sun, “Multi-stage Holomorphic Embedding Method 
for Calculating the Power-Voltage Curve, IEEE Trans. on Power Systems, 
vol. 33, no. 1, pp. 1127-1129, 2018. 
[31] H. D. Chiang, T. Wang, and H. Sheng, “A novel fast and flexible 
holomorphic embedding method for power flow problems,” IEEE Trans. 
Power Systems, vol. 33, no. 3, pp. 2551-2562, May 2018. 
[32] A. C. Santos Jr., F. D. Freitas, L. F. J. Fernandes, “An efficient starting 
point to adaptive holomorphic embedding power flow methods,” 2018 
Workshop on Communication Networks and Power Systems (WCNPS), 
pp. 5, 2018. 
[33] S. Li, Q. Li, D. J. Tylavsky and Di Shi, “Robust Padé Approximation 
Applied to the Holomorphic Embedded Power Flow Algorithm,” 2018 
North American Power Symposium, pp. 1-6, Sep. 2018. 
[34] P. Gonnet, S. Güttel and L. N. Trefethen, “Robust Padé approximation via 
SVD,” SIAM Review, vol. 55, no. 1, pp. 101-117. 
[35] A. J. Sarnari and R. Živanović, “Robust Padé approximation for the 
holomorphic embedding load flow,” 2016 Australasian Universities Power 
Engineering Conference (AUPEC), Brisbane, QLD, 2016, pp. 1-6. 
[36] R. Yao, K. Sun, F. Qiu, “Vectorized efficient computation of Padé 
approximation for Semi-Analytical Simulation of Large-Scale Systems,” 
IEEE Trans. on Power Systems, vol. 34, no. 5, pp. 3957-3959, 2019. 
[37] S. Rao, D. J. Tylavsky, “Theoretical convergence guarantees versus 
numerical convergence behavior of the holomorphically embedded power 
flow method,” International Journal of Electrical Power and Energy 
Systems, vol. 95, pp.166-176, Feb. 2018. 
[38] T. Wang and H-D. Chiang, "On the Holomorphic and Conjugate Properties 
for Holomorphic Embedding Methods for Solving Power Flow 
Equations", IEEE Transactions on Power Systems (Early Access), p. 1, 10 
December 2019. 
[39] S. Li, D. Tylavsky, D. Shi and Z. Wang, “Implications of Stahl’s Theorems 
to Holomorphic Embedding Pt. 1: Theoretical Convergence,” 
arXiv:2003.07478 
[40] A. Dronamraju, S. Li, Q. Li, Y. Li, D. Tylavsky, D. Shi and Z. Wang, 
“Implications of Stahl’s Theorems to Holomorphic Embedding Pt. 2: 
Numerical Convergence,” arXiv:2003.07457 
[41] J. B. Ward and H. W. Hale, “Digital Computer Solution of Power-Flow 
Problems,” Power Apparatus and Systems, Part III, Transactions of the 
American Institute of Electrical Engineers, vol. 75, no. 3, pp. 398-404, Jan. 
1956. 
[42] N. Sato and W. F. Tinney, “Techniques for exploiting the sparsity of the 
network admittance matrix,” IEEE Trans Power Apparatus and Systems, 
v. 82, pp. 944-950, 1963 
[43] W. Tinney and J. Walker, “Direct Solution of Sparse Network Equations 
by Optimally Ordered Triangular Factorization,” Proceedings of the IEEE, 
vol. 55, no.11, pp.1801-1809, Nov. 1967. 
[44] N. R. Ikonomov, R. K Kovacheva, and S. P. Suetin, “On the Limit 
Distribution of Type 1 Hermite-Padé Polynomials,” arXiv:1506.08031v1, 
26 Jun 2015. 
[45] E. A. Rakhmanov, “Orthogonal polynomials and S-curves," Recent 
Advances in Orthogonal Polynomials, Special Functions, and Their 
Applications, 11th International Symposium (August 29-September 2, 
2011 Universidad Carlos III de Madrid Leganes, Spain), Contemporary 
Mathematics, 578, eds. J. Arvesú, and G. L. Lagomasino, American 
Mathematical Society, Providence, RI, pp. 195-239, 2012. 
[46] H. Stahl, “The convergence of Padé approximants to functions with branch 
points,” Journal of Approximation Theory, vol. 91, no. 2, pp. 139–204, 
1997. 
[47] J. Nuttall, “On convergence of Padé approximants to functions with branch 
points,” in Padé and Rational Approximation, E. B. Saff and R. S.Varga, 
Eds, Academic Press, New York, 1977, pp. 101-109. 
[48] G. Baker and P. Graves-Morris, Padé approximants, ser. Encyclopedia of 
mathematics and its applications, Cambridge University Press, 1996. 
[49] H. Stahl, “Extremal domains associated with an analytic function, I,” 
Complex Variables, Theory Appl. no. 4, pp. 311-324, 1985.  
[50] H. Stahl, “Extremal domains associated with an analytic function II,” 
Complex Variables, Theory Appl. no. 4, pp. 321-338, 1985.  
[51] J. Nuttall, “Asymptotics of diagonal Hermite-Pade polynomials,” J. 
Approx. Theory, v. 42, pp. 299-386, 1984. 
[52] H. Stahl, “Spurious poles in Padé approximation,” J. Comp. and Applied 
Math, v. 99, pp. 511-527, 1998. 
[53] H. Stahl and V. Totik, General orthogonal polynomials, Encyclopedia of 
mathematics, vol. 41, Cambridge University Press, 1992. 
[54] N. S. Landkof, “Foundations of modern potential theory,” Springer, 1972. 
[55] N. Lanchier, Stochastic modeling, Springer, 2017. 
[56] Logarithmic potential, Encylopedia of Mathematics, 
https://www.encyclopediaofmath.org/index.php/Logarithmic_potential. 
[57] O. Costin, Math 6212: Real Analysis II class notes, p. 38, 
https://people.math.osu.edu/costin.9/6212-2019/C.pdf. 
[58] Fundamental solution, Wikipedia, 
https://en.wikipedia.org/wiki/Fundamental_solution. 
[59] J. D. Jackson, Classical Electrodynamics, 3rd ed., Wiley, pp. 41-53, 1998. 
[60] M. C. N. Fiolhais, H. Essén, T. M. Gouveia, “a variational proof of 
Thomson’s theorem,” Physics Letter A, vol. 380, no. 35, pp. 2703-2705, 
Aug. 2016. 
